In this paper, we analyze a recently developed nite volume method for the time dependent Maxwell's equations in a three-dimensional polyhedral domain composed of two dielectric materials with di erent parameter values for the electric permittivity and the magnetic permeability. Convergence and error estimates of the numerical scheme are established for general non-uniform tetrahedral triangulations of the physical domain. In the case of non-uniform rectangular grids, the scheme converges with a second order accuracy in the discrete L 2 -norm, despite the low regularity of the true solution over the entire domain. In particular, the nite volume method is shown to be superconvergent in the discrete H(curl; )-norm. In addition, the explicit dependence of the error estimates on the material parameters is given.
1. Introduction. Let be a general polyhedral domain in R 3 , and occupied by a material with electric permittivity " and magnetic permeability . The Maxwell's equations can be described as follows: " @E @t ? curl H = J in (0; T); (1.1) @H @t + curl E = 0 in (0; T); (1.2) div("E) = in (0; T); (1.3) div( H) = 0 in (0; T); (1.4) where E = E(x; t) and H = H(x; t) denote the electric and magnetic elds, J = J(x; t) the applied current density and = (x; t) the charge density. The paper is concerned with the case where the domain is composed of two distinct dielectric materials. Let 1 be a polyhedral subdomain strictly lying inside and occupied by a material with electric permittivity " 1 and magnetic permeability 1 , and let 2 = n 1 be occupied by another material with the electric permittivity " 2 and the magnetic permeability 2 . For ease of exposition, we shall consider only the case that the parameters " i and i are constant functions in i , i = 1; 2, but with possibly great di erences in their values. We remark that our subsequent analyses can be naturally extended to the case with piecewise smooth coe cients as well as multiple subdomains for which our methods have broad applications 3, 14] .
It is well-known 3, 23] that the electric and magnetic elds E and H satisfy the following physical jump conditions across the interface ?:
E m] = 0 ; "E m] = ? ; (1.7) H m] = 0 ; H m] = 0; In addition, we have the following constitutive relations D = "E ; B = H ; (1.9) where D and B are the electric ux density and the magnetic ux density respectively.
Over the past few decades, numerical methods for solving the Maxwell's equations in homogeneous media have received much attention 14, 24] . The simple and popular Yee's scheme was proposed in 1966 25] , though its convergence analysis was not available until the work by Monk and S uli for nonuniform rectangular grids 18] . In order to handle domains with complicated geometry, both nite element and nite volume methods have been widely studied. For example, some fully discrete nite element methods were used to solve the decoupled time-dependent Maxwell's equations by Monk 17] and Raviart 22] . Second order convergence analysis for the stationary case was established there, while a convergence analysis for the fully discrete time dependent case was given by Ciarlet and Zou 9]. Chen and Yee proposed a nite volume method to solve Maxwell's equations in 4]. Convergence analyses for both semi-discrete and fully-discrete schemes were given by Nicolaides and Wang 20] .
For most real applications, however, one is often confronted with the solution of the Maxwell's equations in non-homogeneous media. Many of the aforementioned numerical methods are either not directly applicable or become ine cient (with lower order convergence) for these problems due to di erent physical characteristics re ected by the electric permittivities and magnetic permeabilities of di erent media, and the extra jump conditions the electric and magnetic elds need to satisfy on the interface, see the equations (1.7)-(1.8). Several attempts have been made to handle the interface Maxwell's problems 4, 5, 24] . For example, Chen and Yee studied an hybrid FDTD/FVTD method for the interface problem 4], assuming that both the tangential components of the electric and magnetic elds are continuous across the interface and the electric eld is tangentially piecewise constant on the interface. Chen, Du and Zou 5] proposed an edge nite element method for solving the Maxwell's system with general interface conditions and developed a general framework for its convergence analysis.
Recently, Chung and Zou presented a new nite volume method for Maxwell's equations in non-homogeneous media 7], together with numerical experiments. In this paper, we will give the convergence analysis of the method for the general tetrahedral triangulations. As in many interface problems, the regularity of the genuine solution of the Maxwell's system in the entire physical domain is very low which makes the convergence analysis very di cult. Despite this, we will show that, without making any extra regularity assumptions beyond those that are used for the homogeneous medium case 18, 20] , the method under consideration is rst order convergent for general tetrahedral triangulations and second order convergent for general non-uniform rectangular grids. Furthermore, it is shown that the proposed method has superconvergence in a discrete H(curl; )-norm, and the explicit dependence of the error estimates on the physical material parameters is given. To our knowledge, this seems to be the rst rigorous work so far on the convergence of a nite volume method for Maxwell's equations with discontinuous coe cients.
We end this section with some notational conventions to be used in the subsequent When p = 2, we set H m ( ) = W m;2 ( ) and H m (0; T; X) = W m;2 (0; T; X).
The rest of the paper is organized as follows. Some discrete vector elds and the nite volume method are introduced in Sections 2 and 3 respectively. In Section 4, we give a discussion on the discrete divergence constraints and stability. The convergence analysis for the general tetrahedral triangulation and the convergence analysis for the non-uniform rectangular grid are given in Section 5. Some concluding remarks are given in Section 6.
2. Discrete vector elds. We now discuss the triangulation of the domain .
We use the Voronoi-Delaunay triangulation, which enjoys many elegant geometric properties that allow us to derive the numerical schemes in the subsequent sections. We adopt the notations developed by Nicolaides, Wang and Wu 19, 20, 21] , where a nite volume method was proposed for solving Maxwell's equations with smooth physical coe cients " and .
We rst triangulate using the standard tetrahedral elements, which are called the primal elements. The triangulation is chosen so that the faces of the primal elements are aligned with the interface ?. A primal element with at least one face lying on ? is called an interface primal element, and a primal face ( edge ) lying on ? is called an interface primal face ( edge ).
The dual elements are the Voronoi polyhedra formed by connecting the circumcenters of adjacent primal elements. Those dual elements ( faces and edges ) separated by the interface ? into two parts lying respectively in 1 and 2 are called the interface dual elements ( faces and edges ). The de nitions and convergence analysis related to dual elements are much more complicated than those related to primal elements due to the interface. >From geometry, it is known that each primal edge is perpendicular to and is in one-to-one correspondence with a dual face, and each dual edge is perpendicular to and in one-to-one correspondence with a primal face.
For the subsequent convergence analysis, we assume that all dihedral angles of each tetrahedron are uniformly acute and the triangulation restricted in each subdomain satis es K r h r max h r min K r ; r = 1; 2 ;
where h r max and h r min are, respectively, the local maximum and minimum side lengths of adjacent primal and dual elements in r , K r andK r are two positive constants. Let N and L be the numbers of primal and dual elements respectively, and let F be the number of primal faces ( dual edges ) and M the number of primal edges ( dual faces ). Assume that these quantities are numbered sequentially in some order. The individual elements, faces, edges and nodes of the primal mesh are denoted by i , j , k and l respectively. Those quantities related to the dual mesh are denoted by the primed forms such as 0 i , 0 j , 0 k and 0 l . The area of j is denoted by s j and the length of k is given by h k . A direction is assigned to each primal and dual edge by the rule that positive direction is from low to high node number. A direction is also assigned to each primal ( dual ) face so that it is the same as that of the corresponding dual ( primal ) edge. We denote by F 1 the number of interior primal faces ( dual edges ) and by M 1 the number of interior primal edges ( dual faces ). For each dual edge 0 j 4 of length h 0 j , we de ne a scaled length: This norm is equivalent to the discrete semi-norm of H(curl; ). We also de ne
which is a discrete analog of the norm in H(curl; ).
Let i be a primal element and j 2 @ i be a primal face. We say j is oriented positively along @ i if the dual edge 0 j on j is directed towards the outside of i .
Otherwise we say j is oriented negatively along @ i . For each primal element i we de ne a discrete ux by 
for each interface dual face 0 i , see Figure 2 . Here, for r = 1; 2, r i = 0 i \ r is the portion of 0 i in i with its area being s r i , and i := " r s r i ( s 0 i ) ?1 .
With the above notations, one can show that for each primal face j and dual face 0 j , the true electric and magnetic elds E and B satisfy the equations 7]: Applying standard results concerning the well-posedness of systems of rst order ordinary di erential equations, we obtain the following theorem.
Theorem 3.1. The semi-discrete scheme (3.5)-(3.6) is well-posed. 4 . Discrete divergence constraints and stability. In this section we show that the solutions E and B of the semi-discrete nite volume scheme (3.5)-(3.6) satisfy the divergence constraint conditions (1.3)-(1.4) at the discrete level.
9 Theorem 4.1. Let E and B be the solutions of (3.5)-(3.6), and let B f , E e and E 0 f be the average vectors of B or E de ned as in Section 3. Then, DB(t) = 0; DB f (t) = 0; Remark. There are very few studies in the literature on the regularities of the solutions B and E to the time-dependent Maxwell system (1. Let be a rectangular cuboid in R 3 . Similarly to the case of a polyhedral domain in Section 2, we generate the primal and dual triangulations of by using smaller rectangular cuboids. Note that both the primal and dual meshes are now made up of rectangular cuboids. For simplicity, the directions of edges and faces are assigned as follows: a direction is assigned to each primal and dual edge by the rule that positive direction means that it points in the positive axis direction. The directions of primal and dual faces are the same as those of the corresponding dual and primal edges. Below, we adapt the same notations as in Section 2.
Clearly, most of the arguments presented in the previous subsection remain valid for the case of rectangular domain considered here. To start, we rewrite (5.4) Assume that j is parallel to the xy-plane, with P 1 as its center, see Figure 3 . We know that the quadrature rule Without loss of generality, we assume that i is parallel to the xy-plane, see This proves (5.14).
For the estimate (5.15), let u j be a component of u corresponding to an interior primal face j in r , r = 1; 2. We recall from (5.16 By direct computations,w j can be represented by the discrete circulation as follows:
w j := 1 " r (C 0 w) j ; (5.26) where the components of w corresponding to the four edges of 0 j containing the point P 1 , P 2 , P 3 and P 4 are assigned respectively the following values:
w(P 1 ) := 1 2 " r r (h 2 y E 1y (P 1 ) ? h 2 x E 2x (P 1 )); We remark that for the veri cation of (5.26) we have used the simple fact that E 2x (P 1 ) and E 2x (P 2 ), also E 3x (P 1 ) and E 3x (P 2 ), are equal respectively for all linear functions. o :
The term II can be estimated in the same manner. The rest of the proof is the same as the proof for in (5.15).
We are now ready to give the main result of this section: Theorem 5.4. Assume that the following regularity hypotheses hold for the solution of the interface Maxwell system (1.1)-(1. 6. Conclusion. Through a detailed analysis, we have established some rigorous convergence results for a nite volume method for the time-dependent Maxwell's equations in a three-dimensional polyhedral domain. Di erent materials are allowed to occupy portions of the domain, and interface conditions are imposed. Our analysis does not require extra regularity assumptions on the solutions of the interface problem beyond those for the analogous convergence results for non-interface Maxwell's equations, and our estimates also exhibit the detailed dependence on the material parameters. For brevity, we have chosen the case of two subdomains in our derivations though much of our theory can be generalized to cases involving multiple subdomains. Implementations and applications of the methods discussed here are currently underway and the results will be reported elsewhere.
